Abstract: The need of autocorrelation models for degradation data comes from the facts that the degradation measurements are often correlated, since such measurements are taken over time. Time series can exhibit autocorrelation caused by modeling error or cyclic changes in ambient conditions in the measurement errors or in degradation process itself. Generally, autocorrelation becomes stronger when the times between measurements are relatively short and becomes less noticeable when the times between process are longer. In this paper, we assume that the error terms are autocorrelated and have an autoregressive of order one, AR(1). This case is a more general case of the assumption that the error terms are identically and independently normally distributed. Since when the error terms are uncorrelated over the time, the estimate of the parameter of AR (1) is approximately zero.
Introduction
With today's high technology many products are designed to work without failures for many years. Thus it is very difficult to analyze the time data with traditional reliability analysis. A recent approach assess products reliability using degradation measurements of product performance has to pre-specify a level of a degradation and obtain measurements at different times. Thus the time-to-failure is defined as the time when the degradation of a unit reaches a critical level.
In this literature, Lu and Meeker (1993) considered a non-linear mixed effect model and used two-stage method to estimate the model parameters under the assumption that the errors term are independent and identically distributed and the autocorrelation is negligible. They applied their model to fatigue crack growth data. Meeker and Hamda (1995) gave a statistical tools and concepts that are used in designing a high reliability product using degradation data. described accelerated degradation models that are related to physical failure mechanisms. Lu, Meeker, and Escobar (1996) compared degradation analysis and traditional failure time analysis. They showed that degradation analysis provides more precision than the traditional failure time analysis. Wu and Shao (1999) established the asymptotic properties of the ordinary and weighted least squares estimators under the non-linear mixedeffect degradation model. Oliveria and Colosimo (2004) compared between three estimation methods to estimate the time-to-failure distribution, namely analytical, approximate, and numerical methods.
For more details on degradation analysis, see Al-Haj Ebrahem and Higgins (2005) , Lu (1998), and Al-Haj Ebrahem (2007) .
To assume independent and identically distributed random errors in a degradation model is not a good idea in general. Since the observed degradation on a specimen over time is a time series and a time series data can exhibit autocorrelation caused by modeling errors or by cyclic changes in ambient conditions in the measurement errors or in degradation process itself.
In this paper, we will assume that the errors in degradation model are autocorrelated and has AR(1). The model parameters are estimated and compared with the case when the errors term are independent and identically distributed.
This paper is organized as follows: In Section 2, the general degradation model assuming the error terms has AR(1) is presented. In Section 3, applications to real data sets and results are discussed. Our conclusions and recommendations are given in Section 4. J. 
Degradation Model with AR(1) Error Terms
The general degradation model commonly used in reliability analysis has the following form: 
where λ ij are random and assumed to be independent and identically (iid) normally distributed with zero mean and variance σ 2 and independently from the random effect parameters.
Remark 1: Model (1) has not a zero mean and can be rewritten as
In application, you can subtract the mean from the process.
Remark 2: From equation (2), we can see that, if ϕ i = 0, then we have the iid case.
Remark 3: In this paper, we assumed the error terms are AR(1); however, higher orders AR(p) can be assumed.
For the ith unit, assume model (1) is a linear or it can be written in a linear form. Rewrite (1) in the following matrix form:
where
and
To obtain the parameters estimate we modify the first stage of the two stage method suggested by Lu and Meeker (1993) . It can be shown that (Brockwell and Davis, 2003) cov
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Since V i is a positive definite matrix, there exists a non-singular matrix
where I (n) is the identity matrix of size n × n and t is the transpose operator. Therefore,
So the generalized least squares estimate of β i are given bŷ
with cov
The ordinary least squares estimate,β si of β i is given bŷ
In general, T i is not unique but the estimate of β i is invariant of the choice of T i . It can be shown that (Rawlings, Pantula, and Dickey, 2001) ,
Remark 4: If ϕ i = 0 and from (13), the generalized least squares estimate of β i is the same as the ordinary least squares estimate,β si . Fuller (1996) , reported (pages 477, and 519) that, the variance of any linear contrast, λ tβ Gi is less than or equal to the variance of the corresponding linear contrast λ tβ si ; further, the ordinary least squares estimate will be an over or under estimate of the true variance.
If ϕ i is unknown, then it can be estimated from the data set; in this case, we can replace ϕ i byφ i in the covariance matrix, V i , in the above discussions. Fuller (1996) , Theorem 9.7.1, gives an asymptotic results supporting such situations. The computations can be implemented by using the procedure AUTOREG of SAS Institute.
When model (1) is a non-linear model, Gallant (1987) and Seber and Wild (1989) described methods for estimating the model parameters with autocorrelated errors. We will not describe such theories since such computations can be implemented by using procedure model of SAS Institute.
Real Data Applications and Results
Two real data sets will show that using AR(1) for an error terms can be used to remove the autocorrelation between the residuals even whenφ i are slightly differ from zero. One can note that, in the above discussions, if ϕ i = 0 then the two estimators are obtained from equations (11) and (12) are equivalent.
Laser Data
Consider the Laser data from Meeker and Escobar (1998), Table C .17, page 642. From Figure 13 .14, page 338 of , it can be assumed that the data can be fitted by the simple linear model
The data will be analyzed when the error terms are iid (0, σ 2 ) and when the error terms are AR(1). Table 1 summarizes the results. One can notice that when we are assuming the error terms are AR(1), is actually we are adding one more parameter to the model. When the error terms are iid (0, σ 2 ) for model (14), and from Table(1) , it is very clear that for the most paths, except path 5 and maybe path 1, the residuals are positively correlated, since the p-value of Durbin-Watson test for testing positive autocorrelation are significant. Such correlations can be removed, for most cases, when the error terms are AR(1). However, the few cases were AR(1) can't remove the correlations between the residuals, in fact, we need an AR(2) or of higher order to overcome such situations. For example, for path 10, we need an AR(2).
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Austrian Journal of Statistics, Vol. 40 (2011), No. 3, 191-200 (1) Table 1 : Laser data. Comparison between the ordinary least squares estimate and generalized least squares estimate when the error terms are AR(1). Based on the Durbin-Watson test, p +ve is the p-value for testing positive autocorrelation and p −ve is the p-value for testing negative autocorrelation.
From Figure 1 we can notice that, from the plot of predicted and actual values of y, all observations are within the 95% confidence bound. Further, the ACF and PACF plots for the residuals are supporting our assumption, i.e. the error terms are AR(1).
In addition to our believes that the degradation data are correlated, one can assume the error terms are AR(1), when the iid (0, σ 2 ) assumption is not a valid condition and without changing the model. 
Fatigue Crack Growth Data
From Hudak, Saxena, Bucci, and Malcolm (1978) , Lu and Meeker (1993) considered fatigue-crack-growth data as an a motivation example. They fitted the non-linear model
when ε ij are iid (0, σ 2 ). From their analysis, the values of r 1 , the 1st order autocorrelation of the residuals, are high for some paths like path 7, 12 and 19, and such autocorrelations are significant from our analysis.
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Austrian Journal of Statistics, Vol. 40 (2011), No. 3, 191-200 Table 2 : Fatigue crack growth data. Comparison between the ordinary least squares estimate and generalized least squares estimate when the error terms are AR(1).
Model (15) can be fitted by using procedure model of SAS Institute, when the error terms are either iid (0, σ 2 ) or AR(1). Table 2 gives both cases along with the p-value of Durbin-Watson test. Table 2 shows that the correlation between the residuals for all paths are removed at α = 0.05 when the error terms are AR(1). However, if we look to path (11) and at α = 0.10, for example, we need an AR(2) assumption, the p-values are given in parenthesis. Further, the plot of predicted and actual values of logcrak, Figure 2 shows that all observations are within the 95% confidence bound. Further, the ACF and PACF plots for the residuals are supporting our assumption, i.e. the error terms are AR(1).
Conclusions and Recommendations
In this paper, we assume that the errors in the degradation model are autcorrelated and has AR(1). This assumption covers the case where the error terms are iid (0, σ 2 ). The model parameters are estimated and compared when the error terms has AR(1) and when they are iid (0, σ 2 ). Computations show that an AR(1) can be used as a useful tool to remove the autcorrelation between the residuals.
